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Abstract 

Let X be an algebraic variety with Gorenstein singularities. We 
define the notion of a wonderful resolution of singularities of X by 
analogy with the theory of wonderful compactifications of semi-simple 
linear algebraic groups. We prove that if X has rational singulari- 
ties and has a wonderful resolution of singularities, then X admits a 
categorical crepant resolution of singularities. As an immediate corol- 
lary, we get that all determinantal varieties defined by the minors of 
a generic square/symmetric/skew-symmetric matrix admit categorical 
crepant resolution of singularities. 

We also discuss notions of minimality for a categorical resolution 
of singularities and we explore some links between minimality and 
crepancy for such resolutions. 
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1 Introduction 



Let X be an algebraic variety over C. Hironaka proved in |Hir64| that one can 
find a proper birational morphism X — )■ X, with X smooth. Such a X is called 
a resolution of singularities of X. Unfortunately, given an algebraic variety 
X, there is, in general, no minimal (nor canonical) resolution of singularities 
of X. In case X is Gorenstein, a crepant resolution of X (that is a resolution 
vr : X — )■ X such that tt*Kx = K-^) is often considered to be minimal. 
The conjecture of Bondal-Orlov (see |BO02| ) gives a precise meaning to that 
notion of minimality: 

Conjecture 1.0.1 Let X be an algebraic variety with Gorenstein singulari- 
ties. Assume that X has a crepant resolution of singularities X — )■ X. Then 
for any other resolution of singularities Y ^ X , there exists a fully faithful 
embedding: 

D^(X) ^ D^(r). 

Varieties admitting a crepant resolution of singularities are, to some ex- 
tent, very rare. For instance, non-smooth Gorenstein Q-factorial terminal 
singularities (e.g. a cone over f2(P™) C P 2 ^ for even m, see |Kuz08| . 
section 7) never admit crepant resolution of singularities. Thus, it seems nat- 
ural to look for minimal resolutions among categorical ones (see section 3 
of the present paper for a short recollection about categorical resolution of 
singularities) . This approach has lead to fruitful results : Kuznetsov proved 
in |Kuz08| that some varieties without "geometric" crepant resolution of sin- 
gularities (more precisely : cones over Veronese embeddings, over Segre em- 
beddings, anti-canonical cones, cones over some Grassmannians and Pfaffians 
varieties of rank < 4) do admit categorical crepant resolution of singularities. 

In this paper, we define the notion of wonderful resolution of singularities 
by analogy with the theory of wonderful compactifications of semi-simple 
linear algebraic groups (see section 2 for details). We expand the methods 
developed in [KuzOSj and we prove: 

Theorem 1.0.2 Let X be an algebraic variety with Gorenstein rational sin- 
gularities. Assume that X has a wonderful resolution of singularities, then 
X admits a categorical crepant resolution of singularities. 

As an immediate corollary, we get that all determinantal varieties defined 
by the minors of a square / symmetric / skew-symmetric generic matrix admit 
a categorical crepant resolution of singularities. Though it allows to treat 
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a much wider class of singularities than those which have been considered 
in previous works (see |Kuz08j for instance), our methods will almost never 
produce minimal resolutions of singularities (see section 4 for details). It 
would be very interesting to see if these techniques can be further developed in 
order to exhibit (conjecturally) minimal categorical resolution of singularities 
for those varieties which have a wonderful resolution of singularities. 

I would like to thank Sasha Kuznetsov for many interesting discussions 
on categorical resolutions of singularities and Christian Lehn for many help- 
ful comments on the first drafts of this paper. I would also like to thank 
Laurent Manivel for his constant support and insightful criticism during the 
preparation of this work. 
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2 Categorical crepant resolution and wonderful 
resolutions 



We work over C the field of complex numbers. An algebraic variety is 
a reduced algebraic scheme of finite type over C (in particular it may be 
reducible). For any proper morphism / : X — )► F of schemes of finite type 
over C, we denote by f^, the total derived functor R/^, : D^{X) — )■ D^[Y), 
by /* the total derived functor Lf* : D"(F) — )■ D~(X) and by /' the right 
adjoint functor to R/=k. In case we need to use specific homology sheaves of 
these functors, we will denote them by R^/^,,L^/* and Uf'. 

2.1 Wonderful resolutions 

Let y C X be a closed irreducible subvariety of X. We say that y is a 
normally fiat center in X if the natural map: 

is fiat, where E is the exceptional divisor of the blow up of X along Y. 
Hironaka proved in [Hir64j that any algebraic variety can be desingularized 
by a finite sequence of blow-ups along smooth normally fiat centers. 

Example 2.1.1 Let be a vector space of dimension at least 6 and let 
X = P({w e rank(a;) < 4} be the 2nd Pfaffian variety in /\^ W. 

Then X is exactly singular along Gt{2,W) = F{{uj G /\^ W, rank((X') < 2}. 
Here Gr(2, W) is a smooth normally flat center for X. Indeed, if E is the 
exceptional divisor of the blow-up of X along Gr(2, 1^), then E is the flag 
variety Fl(2, 4, W) and the natural map onto Gr(2, W) is given by the second 
projection. Obviously it is flat. See |Kuz08j . section 8 for more details. 

Given G a semi-simple affine algebraic group, one often wants to find 
a good equivariant compactification of G. Equivariant compactifications of 
G for which the boundary divisors have simple normal crossings are called 
wonderful in the literature (see |Hurll| . chapter 3 for instance). One notices 
that almost all wonderful compactifications we know are obtained by the 
following procedure. Take G be a naive equivariant compactification of G. 
Then find an embedded resolution of the boundary divisor in G such that it's 
smooth model has simple normal crossings with the exceptional divisors of 
the modification of G. This embedded resolution is obtained by a succession 
of blow-ups along smooth centers which satisfy nice intersection properties. 
The following definition captures the most essential features of this sequence 
of blow-ups. 
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Definition 2.1.2 (Wonderful resolutions) Let X be an algebraic variety 
with Gorenstein singularities. For all n > 1, we define a n-steps wonderful 
resolution of singularities in the following recursive way: 

• A 1-step wonderful resolution is a single blow up: 

TT : X ^ X, 

over a smooth normally flat center Y <Z X, such that X and the excep- 
tional divisor E G X are smooth. 

• For n > 2, a n-steps wonderful resolution of X is a sequence of blow- 
ups: 

Xn Xn^i . . . Xi A- Xq = X 

over smooth normally flat centers Ffc+i C X^ such that: 

1. all the Xk are Gorenstein, 

2. the map . . . 7r„ : X„ Xi is a {n — l)-steps wonderful resolution 
ofX,, 

3. the intersection of Y^+i with e'^^ is proper and smooth (where 

Ik) 

E\ is the total transform of Ei, the exceptional divisor of vri, 
with respect to it2 ■ ■ ■ TTk, for k > 1), 

4. the map 1^2 .. . vr„| („) : e[^^ — > Ei is a [n — l)-steps wonderful 
resolution of singularities. 

Example 2.1.3 (Determinantal varieties) Let E a vector space of di- 
mension n. Let 2 < r < n and let X be the subvariety of P(End(-E')) defined 
by the vanishing of the minors of size r. It is well known that X is Gorenstein 
with rational singularities (see |Wey03| , corollary 6.1.5). We define Xi to be 
the blow up: 

TTi : Xi ^ X, 

of X along Yi, where Yi is the subvariety of P(End(i?)) defined by the minors 
of size 2. For 3 < k < r — 1, we define recursively X^ to be the blow-up: 

TTfe : Xfc — )• Xfc„i, 

of Xfc_i along Yfc, where is the strict transform through tti . . . 7rk_i of the 
subvariety of P(End(£')) defined by the vanishing of the minors of rank k. 

By theorem 1 of [ Vai84] . we know that X^-i is smooth and that all Yk for 
1 < k < r — 1 are smooth. Moreover, theorem 2.4 of |Vai84 ] shows that the 
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Yfc are normally flat centers and that item 1, 2, 3 and 4 in the definition of a 
wonderful resolution are satisfied for the following resolution of X: 



Thus, X has Gorenstein rational singularities and admits a wonderful reso- 
lution of singularities. Let xl'''"'^ C F{S\E)) (resp. xl'''''"^ C P(A'(^)) de- 
notes the determinantal variety defined by the vanishing of the minors of size 
r of the generic n x n symmetric (resp. skew-symmetric) matrix with linear 
entries. If — r is even (resp. no conditions), we know by |Wey03| , corollary 
6.3.7 (resp. proposition 6.4.3) that xl^^"^^ (resp. xl^'^^^^) is Gorenstein with 
rational singularities. Moreover, the appendices 10 and 11 of |Tha99) show 




that and xl*'^^"'' also admit wonderful resolutions of singularities. 

Example 2.1.4 (Secant variety of OP^) Let X = OP^ = Eg/Pai C P^^ 
be the Cayley plane into his highest weight embedding (where Pq,^ is the 
maximal parabolic associated to the root ai of the Eg root system. The 
Cayley plane can also be recovered as the scheme defined by the 2x2 minors 
of the generic hermitian 3x3 octonionic matrix: 



M = \ ao ttA as I , with G O and such that *M = M, 



where al is the octonionic conjugate of G O. 

Let S{X) be the secant variety of X inside P^^. It can be seen as the 
scheme defined by the determinant of the above matrix M. The variety S{X) 
is a cubic hypersurface (so it is Gorenstein) which is singular exactly along 

OP^ Let 

TT : S{X) S{X) 

be the blow up of S{X) along X. It is smooth and the exceptional divisor E 
is isomorphic to Eg /Q^,^ (where Qai.as is the parabolic associated to the 
roots «! and 0^5). It is a fibration into smooth 8-dimensional quadrics over 

X. As a consequence, the map vr : S{X) — )■ S{X) is a wonderful resolution 
of singularities. We refer to jZak93| ch. Ill and |FM12) for more details on 
the beautiful geometric and categorical features of the Cayley plane. 

The two above examples fit very well into the theory of reductive preho- 
mogeneous vector spaces. We recall that a reductive prehomogeneous vector 
space is the data (G, V) of a reductive linear group G and a finite dimen- 
sional vector space V such that G acts on V with a dense orbit. For instance, 
the determinantal varieties defined by the minors of the generic square (resp. 
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symmetric, resp. skew-symmetric) n x n matrix are the orbit closures of the 
action of SLn x SLn (resp. SLn, resp. SLn) on V<^V (resp. S'^iV), resp. /\^ V). 
As for the affine cone over OP^ = Eg/Pi and its secant variety, they are the 
orbit closures of the action of Eg on V^i, where Ui is the weight associated 
to Pi. So one could ask the following question: 

Question 2.1.5 Let {G,V) be a prehomogeneous vector space. Let Z G V 
be the closure of an orbit of G. When does Z admit a wonderful resolution 
of singularities ? 

The following example shows that the answer to the above question can 
not be "always". 

Example 2.1.6 (Tangent variety of Gr(3,6)) Let ^ be a vector space 
with diml^ = 6 and let W = Gr(3,V) C P(/\^ y) be the Grassmannian 
of G V inside its Pliicker embedding. We can decompose /\^ V as: 

C © f/ © f/* © C, 

where U is identified with the space of 3 x 3 matrices, (see |LM01] section 
5 for more details). We denote by C the determinant on U, which can be 
seen as a map S^f/ — )■ C or as a map S'^U U*. We also denote by C* the 
determinant on U*. 

Let Z denote the tangent ovariety to W. It is shown in |LM01] that an 
equation (up to an automorphism of P(/\^ V)) of Z is: 

Q{x,X,Y,y) = {3xy-l{X,Y)f+hyC{X^')+xC*{Y^')-l:{C*{Y^'),C{X^')) 

2 6 o 

where (., .) is the standard pairing between U and U*. The partial derivatives 
of Q give the equations of the variety of "stationary secants" to W, which 
we denote by a+{W). A simple computation of the Taylor expansion of Q 
shows that the variety (t^{W) is singular precisely along W, but contrary to 
what is claimed in proposition 5.10 of [LM OlJ. W is not defined by all the 
second derivatives of Q. The orbit closures structure of the action of SLg on 
P( V) is the following: 

3 

W G a+{W) gZ G F{/\V). 

As a consequence, the only "natural" procedure to get a wonderful res- 
olution of singularities of Z would be to consider the blow-up of Z along 
W: 

TTi : Zi — 7- Z 
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and then the blow-up of along the strict transform of cr+(iy): 



: ^2 — > Zx- 

One can check that the proper transform of o^(yV) under tti, the exceptional 
divisor of 1x2 and the variety Z2 are smooth. But an easy computation shows 
that the tangent cone of Z along any point of 14^ is a double hyerplane, so 
that the exceptional divisor E\ of the blow-up of Z along W is globally non 
reduced. The strict transform of Ex after any normally flat blow-up of Z^ 
will still be globally non reduced. As a consequence the above sequence of 
blow-ups will never produce a wonderful resolution of singularities of Z. 

Now, consider p = (po, -Po? -PiiPi) a generic point of P(/\'' V) and let 
J^{Q,p) be the polar equation of Q with respect to p, that is: 

^(n ^ dQ dQ dQ dQ 

It is easily noticed that the cubic hypersurface (which we also denote by 
■!^{Q,p)) defined by this equation is smooth and it contains a+{W) = Zging- 
For any w G cr+(W^) — W , the tangent space of !^{Q,p) at w is transverse 
to the tangent cone to Z at w, so that the tangent cone to !^{Z,p) = 
^{Q, p)r\Z at w is Si cone over a smooth quadric of dimension 4 with vertex 
the embedded tangent space to a^{W) at w. For any w & W = Gr(3,6), 
the the tangent space of J^{Q,p) at w is equal to the reduced tangent cone 
to Z at w. Thus, looking at the Taylor expansion of Q at w, one can prove 
that the tangent cone to J!^{Z,p) at w is the secant variety of a cone over 

X (this cone over P^ x P^ being the set of C which intersect w 
in dimension at least 2). The vertex of this cone is the embedded tangent 
space to Gr(3, 6) at w and this cone is singular precisely along the cone over 
p2 X p2 (see |LMni] for instance). 

Note that the tangent cone to ^{Z,p) at any point w G Gr(3, 6) does not 
depend on the choice of a generic p G P(/\^ V), as predicted by the theory 
of Le- Teissier (see [Abull] , section 2.2 for some recollections on the theory 
of Le- Teissier in the setting of projective geometry or |LT88] and |Tei82j for 
the theory in its general setting). The above description of the tangent cones 
of J^{Z,p) along its various strata shows that if one considers the blow-up 
of ^{Z,p) along W: 

TTi : ^1 -> ^{Z,p), 
and then the blow-up of along the strict transform of a^{W) through tti: 

7r2 : ^2 ^ ^1, 
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then one gets a wonderful resolution of singularities of ^{Z,p). We will come 
back later on to that example. 

The above example suggests the following question. 

Question 2.1.7 Let {G,V) be a prehomogeneous vector space. Let Z G V 
be the closure of an orbit of G. Is there an integer d < dimV such that for 
a generic L G G(d, dimV), the polar ^{Z,L) contains Zging and admits a 
wonderful resolution of singularities ? 

2.2 Wonderful resolutions and singularities of the inter- 
mediate divisors 

The above examples also suggest that the definition of a wonderful resolution 

(k) 

imposes strong conditions on the singularities of the exceptional divisor Ei . 
Indeed, the following three propositions show that they must be similar to 
the singularities of X. 

More precisely, proposition 12 . 2.11 shows that if X has rational singularities, 
then so do the and the exceptional divisors E'j^'' . Proposition 12.2.21 and 
l2.2.3| go together. Proposition 12.2.21 shows that if X has rational singularities, 
then Ek is irreducible for any k > 1. This allows to find a simple formula 
between Kx^ii^X^Xk-i ^"^^ -^fc- The (positive) coefficient appearing in front 
of Ek in the expression of Kx^ can be interpreted as a kind of multiplicity of 
Yfc in Xk^i. Proposition 12.2.31 then shows that the multiplicity of Y^^i in X^. 

(k) (k) 

is equal to the multiplicity of Y^+i f] E\ in E^ for any k > 1. 

Proposition 2.2.1 Let X be an algebraic variety with Gorenstein and ratio- 
nal singularities. Let X„ ^ Xn-i . . . Xi ^ Xq = X be a wonderful resolution 
of singularities of X . Then, for all 1 < k < n, the varieties X^ and the ex- 
ceptional divisors E^'' have Gorenstein rational singularities. 

Proof : 

► The fact that the X^ are Gorenstein is in the definition of a wonderful 
resolution of singularities. Let tti : Xi — )■ X be the blow-up along Xi with 
exceptional divisor Ei and let E^^ , • • • , E^^ be the irreducible components of 

(k) 

El. We also denote by Ec^ the total transform of Eo^ under Ti2 ■ ■ ■ t^u- Since 
the Yfe meet transversally the e'^} for all > 2, the coefficients appearing in 
front of the Ea- in the expression of Kx^ are the same as the coefficients in 
front of the Ea. in the expression of Kx^- Now X is Gorenstein with rational 
singularities, hence it has canonical singularities by |Kol97] corollary 11.13. 
Thus, the coefficients in front of the E^} in the expression of Kx^ are positive, 
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and so are the coefficient in front of the E^^ in the expression of Kx^- As a 
consequence, we have tti^^Xi = ^x- Since we also have vri . . . TCn^^Xn = ^x- 
We find that X\ has rational singularities. An obvious induction shows that 
all Xfc have rational singularities. 

The divisors e'^^^ are obviously Gorenstein, as they are Cartier divisors 
inside Gorenstein varieties. The main point of the proposition is thus to show 
that the E\ have rational singularities for any /c > 1. 

Item 3 of definition 12.1.21 implies that for any k > 2 the map 

is the blow-up along Yk fl e['' (we recall that e['''' is the total transform of 
El through . . .Hk)- Thus, we deduce from item 4 of definition 12.1.21 that 
for any A; > 1, the map 



TTfc+l 



Ef") ^ E\ 



(k) 



(k) 

is a resolution of singularities. Hence, to prove that Ei has rational singu- 
larities we only have to compute (11^ 



(n). 



El 

For all 1 < < we have a fibered diagram: 



El 



in) 



(fc) 



,■(") 



The maps ^ and ^ are locally complete intersection embeddings and 

(k) (n) 

codim£^) C Xk = codimi?]^ C X„ so that we have the commutation of 
derived functors (see |Kuz06] . corollary 2.27): 



(^fVK+i...vr.)*^x„ 



that is: 



So e[''^ has rational singularities. 



Ilk),^. 



,(n) 
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The following result is important, because for any wonderful resolution of 
a variety X with rational Gorenstein singularities: 

Xn -A- Xn-\ . . .X\ —7- Xq = X, 

it allows to produce a simple formula between i^x^, T^l^Xk-i and Ek for any 
1 <k<n. 

Proposition 2.2.2 Let X be an algebraic variety with Gorenstein and ratio- 
nal singularities. Let X„ ^ X„_i . . . Xi ^ Xq = X be a wonderful resolution 
of singularities of X . Then the exceptional divisor Ei of ixi : Xi — )■ Xq is 
irreducible. 

Proof : 

► For y E Yi, denote by ^y{X) the tangent cone to X at ?/ and let py : 
^y-^(X) — )■ Yi be the tangent cone to X along Yi. Since Yi is a smooth 
normally flat center in X, we know by |Hir64] . theorem 2, p. 195, that ^y(X) 
is a cone with vertex Ty^,jy over Pyliy)- Since X is Cohen-Macaulay, the main 
result of |Sch77] implies that the cone ^y(X) is connected in codimension 1 
(which means that one needs to subtract from ^y(X) a variety of codimension 
at most 1 to disconnect it). Thus the fiber Py^iy) is connected in codimension 
1 for all y G Y. The map py^ being flat, this finally implies that Ei = 
P('^yj(X)) is connected in codimension 1. 

Assume that Ei is reducible. By the above discussion,we know that each 
irreducible component of Ei meets another component in codimension 1. 
Thus El is not normal, which contradicts the fact that it has rational singu- 
larities (see I2.2.ip . -4 

(k) (k) 

In the following, for 2 < /c < n, we denote by E^j, the intersection of E^ 
with Ek, the exceptional divisor of TCk '■ Xk — > Xk-i. By item 3 of definition 
12.1.2^ e['^ is also the exceptional divisor of the blow-up e[''^ — )■ e[''^^\ 

Proposition 2.2.3 Let 2 < k < n. If nik is the positive integer such that 
= K^Xk-i ® ^XkimkEk), then we have: 

K^w = 7ik\lv<:)K^(k-i) (g) ^^(.)(mfcE5^^). 

Note that the integer is well defined because Xk — ?■ Xk-i is a blow- 
up whose exceptional divisor is irreducible. Moreover, it is positive because 
Gorenstein rational singularities are canonical (see |Kol97] . corollary 11.13). 
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Proof : 
► 

The adjunction formula implies that K^(k) = Kx^\^(k) ® ff^(k){E[''^) and 
that ir^(.-i) = Kx,_,\j^ik-,) ® ^^(fe-i)(Ef ~')). 

Now, we tensor the formula Kx^ = '^l-^x^-i ® ^Xki^kEk) by ^^(k) and 
taking into account the fact that Ekl^jW = E\f^ and that Tr^l* ^^(k-\) {E^ ^■') = 
„(k){E^^), we get the announced formula. 

2.3 Categorical crepant resolution of singularities 

Now we turn to the definition of a categorical resolutions of singularities, fol- 
lowing Kuznetsov (see |Kuz08| ). Let us recall some basic facts about derived 
categories of coherent sheaves on an algebraic variety. 

Let X be an algebraic variety, then D^(X) denotes the derived category of 
bounded complexes of coherent sheaves on X. The subcategory of bounded 
complexes of locally free sheaves is denoted by ^^^^^{X). Recall that if X is 
smooth, then these two categories are equivalent. Let A be a full subcategory 
of D''(X) and a : A ^ D^(X) the embedding functor. We say that A is 
admissible if a has a left and a right adjoint. This is equivalent to asking 
that there exist semi-orthogonal decompositions: 

D^(X) = {A,^A) and D^(X) = 

where: 

^A = {F e D''(X), Hom(F,a) = 0, for alia G A}, 

and 

A^ = {F e D^(X), Hom(a,F) = 0, for alia G A}. 

We refer to |Kuz08) . section 2 for more details on semi-orthogonal decom- 
positions. 

The category of bounded above complexes of coherent sheaves is denoted 
by D"(X). If X is smooth and quasi projective and A C D^(X) is a full 
admissible triangulated subcategory, we denote by A~ C D~(X) the negative 
completion of A. This is the smallest triangulated subcategory of D~(X) 
which contains A and which is closed under countable direct sums. If tt : 
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X — )■ X does not have finite tor-dimension (which is always the case if vr is 
a non trivial resolution of singularities), then we can not define a left nor a 
right adjoint to the functor -k^* = 7r*5 : ^ — )■ D'^(X), where 5 : ^ ^ D^(X) 
is a full admissible subcategory. However, there exist left and right adjoint s 
to the functor vr^^ : — D^(X). We refer to |Kuzll) . section 2 and 4 for 
more details about negative completion and to |Nee96| for the construction 
of right adjoint in the setting of unbounded derived categories of coherent 
sheaves. 

Definition 2.3.1 Let X he an algebraic variety with Gorenstein and ratio- 
nal singularities. A triangulated category is a categorical resolution of 
singularities of X if there exists a resolution of singularities: 

X^X, 

such that 3^ is a full admissible subcategory o/D^(X) and tt* {D^'^^^ {X)) C 

Moreover, let tt*^ and be the left and right adjoint of the functor: 

Tis. ■■ ST' ^ D-(X). 

We say that -n y-^ : 3^ D'^(X) is weakly crepant if vr^ and tt'^ are 
equal when restricted to DP'^''^(X). 

Since X has rational singularities, we have 7r^,'7r*(F) = F, for all F G 
Qperf^j^^ This is a kind of surjectivity condition for tt* which is important 
for the definition of a categorical resolution of singularities (see |Kuz08] . 
section 3 for more details). 

The classical definition of a crepant resolution of singularities tt : X — X 
is that TT*Kx = Kj^. In such a case tt^, : D*^(X) — )■ D''(X) is a weakly crepant 
categorical resolution of singularities. Indeed, the inclusion 7r*(DP'^''^(X)) C 
D^(X) is obvious and 7r'(F) = 7r*(F) Kj^ ^ {TT*{Kx)y^ = n*{F) for all 
F G DP'^''^(X), see |Nee96| . There is another notion of strong crepancy (see 
|Kuz08] ). which we will discuss later. 

Now we can state our main theorem. 

Theorem 2.3.2 (Existence of categorical weakly crepant resolutions) 

Let X be an algebraic variety with Gorenstein and rational singularities. As- 
sume that X has a wonderful resolution of singularities. Then X admits a 
categorical weakly crepant resolution of singularities. 
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In |Kuz08] . Kuznetsov proved the above result for a 1-step wonderful res- 
olution under some additional assumptions on the exceptional divisor which 
are in fact superfluous. He also proved, again in the case of a 1-step resolu- 
tion and with additional assumptions on the exceptional divisors, that this 
categorical crepant resolution is equivalent to D^{X, ^x) for some sheaf of 
algebra with finite homological dimension on X. We will not tackle at all 
this issue in the present paper. An analogous notion of "non commutative" 
crepant resolution of singularities was proved to exist for some determinantal 
varieties in |BLVdBin) . |BLVdBll) and |WZ12) . 

Finally, let us mention that [Delll] undergoes a thorough study of a pos- 
sible homological projective dual of Gr(3, V) C F{/\'^ V) for diml^ = 6. Such 
a homological dual is expected to be a categorical crepant resolution of sin- 
gularities of the double cover of P(/\'^ V^*) ramified along the projective dual 
of Gr(3, V) (which is equal to the tangent variety of Gr(3, V*) C P(A^ ^*))- 
However, from [ Delll] . it is not even clear that a categorical crepant resolu- 
tion of this double cover does exist. Nevertheless, we strongly believe that the 
existence of such a categorical crepant resolution should be linked to the ex- 
istence of a categorical crepant resolution of the dual variety of Gr(3, V). We 
proved in example 12. 1.6l that a generic polar to that dual admits a wonderful 
resolution of singularities. Thus by theorem 12. 3. 2[ this polar has a categorical 
weakly crepant resolution of singularities. We will see how it could be used 
to construct a categorical crepant resolution of the dual of Gr(3, V). 

We recall from example 12. 1.61 the orbit closures structure of P(A'^ ^*)- 

3 

W C a+{W) C Z C F{/\V*), 

where W = Gr(3, V*) and Z is the tangent variety to W, which is also equal 
to the projective dual of Gr(3,V) C F{/\'^V). We have shown that for a 
generic p G F{/\^V*), the polar ^{Z,p) admits a wonderful resolution of 
singularities. Denote by '^z this open subset. Let's pretend that the comple- 
mentary of '^z has codimension at least 2 in P(/\^ V"*). Then, for a generic 
line L C P(A ■^^*), 

we have L C Denote by Z the incidence: 

Z = {{x,p), such that p ^ L and x G ^{Z,p)} 

The projection Z — )■ L is fiat and since L C its fibers have exactly the 
same type of singularities (which were discussed in details in example 12. 1.6p . 
As a consequence Z admits a wonderful resolution of singularities which 
implies that Z admits a categorical weakly crepant resolution of singularities. 

Let q be the map q : Z ^ Z.lts fiber over a smooth point z & Z is Tz^z^L. 
Since L is generic, the map q is birational. Moreover, the locus where it is 
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not an isomorphism, which we denote by ^{Z,L), is the intersection of Z 
with the base locus of that pencil of polars. Over ^{Z, L), the reduced fibers 
of TT are equal to L, so that Z is in fact the blow up of Z along ^{Z,L). 
In that situation, one could reasonably hope to find a categorical crepant 
resolution of Z with a detailed study of the map : D^{Z) D^(Z) (the 
variety Z could be called a ''''polar Lefschetz pencil without degenerations") . 
Unfortunately, elementary computations show that the complementary of 
'^z has codimension 1, so that every pencil of polars of Z degenerates (we 
refer to |Tei92] for a concrete and historical introduction to pencils of po- 
lars). We hope that studying with great care the degenerations of a generic 
pencil should lead to a construction of a categorical crepant resolution of 
singularities for Z. 

Question 2.3.3 Let Z be the tangent variety to G(3, 6) C P^^. Is it possible 
to construct a categorical weakly crepant resolution of Z starting from the 
resolution of a generic polar to Z? 

2.4 Lefschetz decompositions 

A key point in the proof of the theorem is the notion of dual Lefschetz 
decomposition which was introduced in |Kuz07] . 

Definition 2.4.1 Let X be an algebraic variety and L a line bundle on X . 
Let 3^ C D^(X) be a full admissible subcategory such that for all T G ^ , we 
have T L E £^ . We say that 3' admits a dual Lefschetz decomposition 
with respect to L, if there exists a semi- orthogonal decomposition: 

Sr={B^® L«-, ® L®— 1, . . . , 5o), 
where Bm C B„i-i G . . . G Bq are full admissible subcategories of ^ . 

Example 2.4.2 The following semi-orthogonal decomposition: 

D^(P") = (^p„(-r2),^p„(-n + l),...,^pn), 
is a dual Lefschetz decomposition of D''(P") with respect to ^pn(— 1). 

The following lemma is proposition 4.1 of |Kuz08] . 

Lemma 2.4.3 Let X be a smooth algebraic variety and let i : E "-^ X a 

Cartier divisor such that we have a dual Lefschetz decomposition: 

DP^^^(^) = {B^ ® ^EimE) . . . 5i ® ^EiE), Bo), 
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with C . . . C Bi C Bq. Then we have a semi- orthogonal decomposition: 

D^(X) = {i^Bm ® ME)) ■ ■■i*{Bi ME)): Ao{X)), 
where Ao{X) = {F e B^{X), i*F e Bo}. 
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3 Proof of the main theorem 

3.1 Semi-orthogonal decompositions on exceptional di- 
visors and applications 

The main technical tool for the proof of the main theorem is the following 
proposition. We first need some notations. Let X be an algebraic variety with 
Gorenstein and canonical singularities. Let 

Xn Xn-1 ■ ■ ■ Xi -A- Xq = X, 

be a wonderful resolution of X, which is a succession of blow-ups along the 
smooth normally flat centers C Xt_i for t = 1 . . .n. For any such t, we 
have a diagram: 

■(") 

— ^ 

1Vt...TVn 

Yt >Xt_^ 

We recall that E^^ is the total transform of Et C Xt through i^t+i ■ ■ ■ 7r„ 
and that qt is a flat projection with smooth fibers. We also have the formula 
= 'n'^Kxt_i + rritEt. For any I < j <n and for any < kj < rrij — 1, we 
define the subcategories of D^{Xn): 

Proposition 3.1.1 With the above hypotheses and notations, we have a 
semi- orthogonal decomposition: 

where Dx„ is the left orthogonal to the full admissible subcategory generated 
by the Aj^^.. Moreover, we have the inclusion (tti . . . 7r„)*DP^''^(X) C Dx„- 

We postpone the proof of the proposition and we will show that it implies 
that Dx„ is a categorical weakly crepant resolution of singularities of X. 

Let d : Dx„ — ?■ D'^(X„) be the fully faithful admissible embedding and 
denote by tt the resolution Xn X. Since 7:*D^'^^^ {X) C Dx^, the only 
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[mi 



(n) 



t=i+i 



(n) 



thing left to prove is the crepancy of 611*, that is 6*7:* {F) = S'it'{F), for all 
F e DP^'f(X). Recall that 

n 

t=i 

for any F e Dp^'^{X). 

Now, since the functor S is fully faithful, the equality S*tt*{F) = S^"7i'{F) is 
equivalent to 5{6*tt*{F)) = S{S-tt-{F)), for any F e Dp^'-^(X). As 7r*DP^'^f(X) C 
L>x„, we have 6{6*tt*{F)) = 7r*(F), for all F e BP'^'^iX). We are going to 
show that 5{5-7r-{F)) = 7r*{F) for any F e Dp"*(X). For 1 < j < n and 
< kj < nij — 1, we have exact sequences: 



So for each F e Dp^'^^(X), we deduce a long sequence of triangles: 



7r*(F) 



n,mn — 1 



^1,0 



where: 



F,,k, = ^*F 



\ t=j+i J 



and 



71* F ® I {mj - kj)Ef + Y ^tEt 

t=j+i 



(n) 



for < kj < rrij — 1 and I < j <n. 

Since S : Dx„ "-^ D^(X„) is fully faithful and admissible, it is well known 
that 6{S-7r-{F)) is the Dx„-component of 7r'(F) = 7r*{F) (g) ^x„(E"=i ^t^i"^) 
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in the semi-orthogonal decomposition of D^{Xn) given by proposition 13.1.11 
(see |Kuz08j section 2 for more details on semi-orthogonal decompositions). 
Consider the fibered diagram: 




Since (^f )*(^*(^)) = • • • '^j-ihYi^)) e q*i^\Y,)), we have e 

Aj^k-, for 1 < j < n and < kj < rrij — 1. As a consequence, the above se- 
quence of triangles shows that = 7r*(F) and we are done. 

3.2 Some vanishing lemmas 

Before diving into the proof of proposition I3.1.1[ we need a vanishing result 
which will be very useful. 

Lemma 3.2.1 Let f : Z ^ S be a flat and projective morphism such that 
Z has Gorenstein rational singularities. Assume that there exists a relatively 
anti-ample divisor E <Z Z , a line bundle F on S and a positive integer r > 1 
such that: 

Kz = rF®ffz{{r + l)E). 
Then we have the vanishing: 

Kf,ffz{kE) = 

for any i > if k < r and for any i < dimZ — dim 5* if k > 1. As a 
consequence, we have: 

f*A^ ffx{kE)) = 
for any vector bundle A on S for any i>Oifl<k<r. 
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Proof : 

► By hypotheses, we have Kz = f*F GziSj + 1)-^')) the variety Z has 
rational singularities and E is relatively anti-ample so that by Kawamata- 
Viehweg relative vanishing (see |KMM87] . theorem 1.2.5) we have 

V}f,Gz{kE) = 

for any i > if < r. 

Again by hypotheses, we know that Z is Gorenstein and that / is flat. 
This implies that all the fibers are pure (i-dimensional Gorenstein schemes, 
where d = dim Z — dim 5*. As a consequence, we can apply the relative duality 
for a fiat morphism with Gorenstein fibers (see [KleSO] . theorem 20) and we 
find 

R'M^z{-kE) ® Kz/s) = ^om^^iR^-'f^^zikE), Gs)- 
As a consequence, we have 

R'f,&z{kE) = 0, 

for any i < d ii k > 1. 
The last vanishing 

tf(X, f*A®ffx{kE)) = 

for any vector bundle A on S and any z>Oifl<A;<ris then a direct 
consequence of the projection formula and Leray's spectral sequence. < 

Thus, we get the following corollary: 

Corollary 3.2.2 Let X be an algebraic variety with Gorenstein singularities 
and let f : X X be the blow-up of X along the smooth normally flat center 
Y G X with exceptional divisor E. Assume that E has Gorenstein rational 
singularities and that Kj^ = f*Kx + rE for a positive integer r. Then we 
have: 

Kf,^x{kE) = 

for all i > if k < r and 

R'f,ffj,{kE) = Gx 

ifk>0. 
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Proof : 

► We will proceed by induction. The divisor —E is relatively ample so by 
Grothendieck's vanishing theorem we have Wf^,ffj^{kE) = for all i > 0, if 
k << 0. Now, let < r — 1 be an integer such that IVf^^x{kE) = for all 
i > 0. We have the exact sequence: 

^ ^xi^E) ^xiik + 1)E) ^Eiik + l)E) 0, 

and by the adjunction formula : Ke = f*\EKx + {r + 1)E. So, the long 
exact sequence in cohomology associated to /* and lemma 13.2.11 applied to 
f : E show that Wf^^xii^ + l)E) = for any i > 0. 
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The variety X is Gorenstein, hence Cohen Macaulay, so by Schaub's theo- 
Sch77] (see the proof of proposition 12.2.2]) . we know that R°/^,^jj^ = 



Using the above exact sequence and lemma 15.2.1] we prove by induction that 
R°f*^xikE) = &x for any A; > < 

One of course notes that part of corollary 13.2.21 is a direct consequence 
of Kawamata-Viehweg relative vanishing. But in any case we will need both 
proposition 13.2.11 and corollary 13.2.21 in the proof of the main theorem. 



3.3 The technical induction 

The proof of proposition 13 . 1 . ll will be done by induction, but we will have to 
prove a more precise statement. We begin with some more notations. Let X 
be an algebraic variety with Gorenstein and canonical singularities. Let 

Xn-1 . . . Xi — 7- Xq = X, 

be a wonderful resolution of X. We introduced the following subcategories 
of Db(X„): 



A 



[rrij — kj)E, 



(n) 



t=j+i 



(n) 



for all < kj < rrij — 1 and 1 < j < n. 



Now, let 1 < < ra, and let k+1 < p < n. We denote by j^*!] : E^^^ E^ 



the embedding of the intersection E^ 



transform of E 



ip) 



^k,p - EpCiEj!'^ through VTp+i 
12.1.21 Hence we have a fibered diagram: 



(n) 
k,p 



E^j^^ n E^''^ which also the total 
. . 7r„, by item 3 and 4 of definition 
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in) 
k,p 



Eir'^ n E 



(n) 



E'^l = E,nEP >x. 

We denote by q^^p the flat map q^^p '■ E^^ — )■ Y^^p, where Y^ p is the smooth 
and proper intersection p = 1^1"! E^ ^\ Notice that, again by item 3 and 
4 of definition 12.1.2^ the intersection Ep fl E^^^ is the exceptional divisor of 
the blow up of E^J' along Yk^p. Thus, we have another fibered diagram: 




For any A; + 1 < p < n, let rup be the positive integer such that = 
n*Kxj,__i + rripEp. By proposition I2.2.3[ this is also the integer such that: 

K^M = 7i*\ (p)K ip-r) + rUpE^^l. (1) 

k k k 

We define: 



TDk ^ An) 



^(n) I [jn.p - 



(n) 
k,i 



i=p+l 



for all < kp < nip — 1. 



Finally we let: 

= Ql^\Y,) ® ( (m, - r,)4") + ^^^^^ 



i=k+l 
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for all < Tfc < rrik — 1. 

The following result is the more precise version of proposition 13.1.11 that 
we will prove: 

Proposition 3.3.1 With the above hypothesis and notations, we have a semi- 
orthogonal decomposition: 

where Dx„ is the left orthogonal to the full admissible subcategory generated 
by the Aj^kj- Moreover, we have the inclusion (tti . . . 7r„)*DP™^(X) C Dx„- 

For each 1 < k < n, we also have a semi- orthogonal decomposition: 

r~\b/'p(")\ /^k ^k r)k r>k r)k p, \ 

^ \-^k J ~ \'^k,0^ • • • 5 '-'fc,mfc-l5 -'^fc+l.O' • • • 5 ^p,k„i ■ ■ ■ i ^n,m„-l^ 

k 

where D (n) is the left orthogonal to the subcategory generated by the C^^ 

k ' 

and the B^^^^. Moreover, we have the inclusion g^D'^(Y/j) C D^[„). 

Proof : 
► 

Assume that n = 1. The map vti : Xi — > X is the blow-up of X along Yi. 
By definition of a wonderful resolution, the exceptional divisor Ei is smooth, 
the variety Xi is smooth, the map tti : E'l — )■ Yi is flat and Yi is smooth. 
Moreover, by definition of mi and by the adjunction formula, we have: 

Ke, =qlKx\Y, + {mi + l)Ei. 

So by lemma [3.2. H the line bundles ^Ei{kEi) are relatively, with respect to 
the morphism qi : Ei — )■ Yi, exceptional objects in D^{Ei) for all A; G Z. 
Therefore, the categories i^EiikEi) (g) gj['D*'(Yi) = C\^^_j^ are full admissible 
subcategories of D^(£'i), for all A; G Z. Moreover, again by lemma 13.2. H we 
have a semi-orthogonal decomposition: 

with the property qlY9^{Yi) C De^- 

Now, we can apply lemma 12.4.31 to the embedding ii : Ei Xi, and we 
find a semi-orthogonal decomposition: 
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D'^(Xi) = (Ai,o,...,Ai,„,-i,/^Xi), 

with Dx, = {F e D'^(X), z*F G De,}. Let G G DP^rf(X). We have {iriiiYG = 
qliGlrJ. But G\y, G D^(ri), so that gi*(G|rJ G D^,, that is iliiilG) G Dei- 
Thus 7r*(DP"^''^(X)) C -Dxn which settles the proof of the proposition in the 
case n = 1. 

Let n > 2 and assume that the proposition is true if X admits a n — 1 
step resolution of singularities. We will prove that the proposition is true for 
a n-step wonderful resolution of singularities. Namely, let X be an algebraic 
variety with Gorenstein and canonical singularities and let: 

■ ■ ■ Xi A- Xq = X, 

be a n-step wonderful resolution of X. Let 1 < k < n. By item 2 and 4 of 
definition I2.L2[ we know that Ek admits a (n — fc)-step wonderful resolution: 

which is a succession of blow-ups along the smooth normally fiat centers 
Yk,k+i, ■ ■ ■ yk,n- Thus by the recursion hypothesis and by formula [T], we have 
a semi-orthogonal decomposition: 

with the inclusion (0^+1,^ • • • n„,„_i)*DP^'^f (Efc) C D („). 

k 

Step 1 . 

Now we want to prove the following: 
Claim 3.3.2 For < < — 1, the categories: 

\ i=k+i J 

are full admissible subcategories ofD^{E^^^), right orthogonal to one another 
and right orthogonal to the subcategories B^j^^ for k+1 < p < n and < kp < 
nip — l. Moreover, the category qlD^iYk) is left orthogonal to the subcategories 
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The fact that the categories Cj^^^ are full admissible subcategories of 

D^(Ef ^) which are right orthogonal to one another is a simple variation of 
what we proved for the case = 1 of the proposition, the details are left 
to the reader. In order to prove claim 13.3. 2[ we are left to prove (with an 
obvious abuse of notation) that: 

Hom(g*D^(n,),CtJ=0. 
Hom(g*D^(n),S;,,J=0 

We start we the first vanishing, that is we want to prove that: 



Hom(ji;)^(g*,^Db(n,,)®^^(„)(K-A;,)Eg+ ^^4?)). 

i=p+l 

n 

k 

i=k+l 

By formula [1] and the adjunction formula we have: 

n 



i=k+l 



Thus, by Serre duality we have the equality (note that since all intersec- 
tions are proper, ^^(„)(i?f"^) = iff ^(^){E^^J)): 



Hom(jl;)^(g*,^D^n,,)®^^,„,((m,-fc,)4;)+ m,^^)). 



i=p+i 

n 



k 

i=k+l 

= Hom(g*D'^(Ffc) ® ^^w((-l - rfc)^"^), 

k 

n 

jS.(CpD^V'.,p)®^4.o((m,-A:,)45+ m.Eg)))^ 

Note that we used that 
g*D'^(n)®^^(„) ((mfc-rfc)4")+ V m,4"M = g*D^(n)®^.w ((-l-rfc)^"^)®^^^^ 



j=p+i 



i=fc+l 
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in the above equality. By adjunction we also have: 



Hom(g*D'^(n) ® ^^(n,((-l - rfc)^"^, 

k 

n 

i=p+l 

- Hom((jg)*(?P'(n) ® ^^(.,((-1 - r,)4"^)), 

k,p ' 

i=p-\-l 

But (jtp)*(g^Di^(n)) C ql,I)\Y,,,) and = g^,,^y,„(i?r'^) 

because we have a fibered diagram: 

,•(") 



1k,p 



Ykv 

As a consequence, to prove that: 




k 

n 

ql,D\Y,^,) ® ^^(„)((m, - A;,)Eg + ^ m.^g^)) = 0, 

i=p+l 

we only have to prove that: 

\ i=p+i ) 

The map g^^p : E^^j Y^.p factors as 6^^^ : Ef^^ -)■ E^^^ followed by the 
projection Vl^^^^x : E^^,^ — )■ Y^.p- But the map is a succession of blow-ups 
along the smooth normally flat centers Yi fl e'^^^ , which exceptional divisors 
on E'^}^ are the («), for i = p + 1 . . .n. Moreover, by item 3 and 4 of 

' k,p 

definition 12.1.21 and by proposition 12.2.3] we know that: 
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Km 



k.p 



We apply corollary 13.2.21 to the morphism 6'^^ : Ej^^ — Ef!'^ to get: 



k.p 



nn 



SO that 



k.p 



j=p+i 



j=p+i 



Now, by formula [T] and the adjunction formula: 

So by lemma [3. 2. H we have the vanishing: 

for all < A^p < uip — 1, which is precisely what we wanted. 
To conclude step 1, we must show that: 

qlB\Y,) C and g^D-^ln) C ^ B^,^ 

for all A; + 1 < p < n. We have: 



Hom 



k,p 



j=p+i 



Hom 



C Hom 



(n) 



i=p+l 



n(n) 



i=p+l 



Since (jg)*g*D\n)cg^,pD^n,p) 



27 



But we have already proved in formula [2] that : 

\ i=p+i 

so that: 



Horn 



This proves that gfcD^(Yfc) C "^^J;.^, for all + 1 < p < n. The fact that 

g^D^(Yfc) C '^Ck,rk is done in the same fashion. Step 1 is thus complete, that 
is we have a semi-orthogonal decomposition: 



r~)b/'p(n)\ I /^k ^fc r>k rjk rjk r-) \ 

K-'^k J ~ K'^kfli • • ■ 5 '-^A:,mfe-1) -°fc+l,0' • • • ' ^p,kpi ■ ■ ■ ) -°n,m„-l5 



5 

fc 



with the property : qZD^iY}?) C D („). 



Step 2 



From the above semi-orthogonal decomposition of D^{E^^'') for all 1 < 
k < n, we want to deduce a semi-orthogonal decomposition: 

with the property : (tti . . . 7r„)*DP'^^^(X) C Dx„, where Dx„ is the left or- 
thogonal to the subcategory generated by the Aj^ky 

Let j G [1, . . . , ra]. We note that Aj^^^ = (4"^)*^i fc • Lemma [2.4.31 applied 
to the semi-orthogonal decomposition we found for D^(i?j"^) proves that for 
all < kj < rrij — 1, the subcategories Aj^kj are admissible full subcategories 
of D^{Xn) which are left orthogonal to one another. 

So, we are left to prove that for 1 < j < p < n, for all < A;j < rrij — 1 
and for all < kp < rrip — 1, we have: 



Hom(zf ^(g;D^(i;)®^^,„,(K-A:p)4")+ ^ m.^f"))) 

i=p+l 

n 
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t=j+i 



that is: 



t=p+l 



t=j+i 

or with our notations: 



t=p+i 



Horn 

But we have a fibered diagram: 



The intersection E'j"^ fl ^^"^ = E^^^ is proper and all varieties appearing 
in this fibered diagram are smooth so that this diagram is exact cartesian, 
that is: 



for all F e D^{E^p^). In particular we have: 



t=p+i 



t=p+l 
n 
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The semi-orthogonal decomposition we found for D^{Ej^^) in step 1 shows 
that for 1 < j < p < n, for all < kj < rrij — 1 and for all < /Cp < — 1: 



which is the vanishing we wanted. As a consequence, we have a semi-orthogonal 
decomposition: 

D^(X„) = (^1,0, • • • , ^l,mi-l, • • • , ^j,kp ■ ■ ■ I ^n,m„-l, D x^) ■ 

The fact that (vri . . . 7r„)*DP*^''^(X) C Dx„ is proved easily, if one notices 
that for all 1 < J < n: 



An)* 



((7ri...7rJ*DP-^(X)) Cg;D^(n), 



and that for all < /cj < rrij — 1: 



Hom 



An) 



t=j+l 



= 0, 



since q*D'^{Yj) C D {„). This concludes Step 2 and the recursive proof of the 

3 

proposition. < 
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4 Conclusion : Minimality, Crepancy and Con- 
nectivity 

In this section we will discuss minimality of categorical crepant resolutions of 
singularities in some special settings. The following definitions can be found 
in |Kuz08] . section 3. 



Definition 4.0.3 Let X be an algebraic variety with Gorenstein and rational 
singularities, let n : X ^ X be a resolution of singularities and 6 : ^ ^ 
D^[X) be a categorical resolution of singularities of X . We say that 3^ is a 
D^'^^^{X) -module category if for allT E ^ and for all F G D^^'^^{X), we have 

■n*F®T e sr. 

Definition 4.0.4 Let X be a 'projective algebraic variety with Gorenstein 
and rational singularities, let it : X ^ X be a resolution of singularities of 
X and 6:3^"^ D^(X) be a categorical resolution of singularities of X , 
which is a D^^'^^lX) -module category. We say that £/' is a strongly crepant 
categorical resolution of singularities if ST admits a Serre functor S^r such 
that for all T E , we have: 

6{S,^{T)) = 7T*Kx[dimX] O 6T 

If TT : X — 7- X is a (geometrical) crepant resolution of singularities, then 
TT* : D^(X) — > D^(X) is a strongly categorical crepant resolution of singular- 
ities. Note also that a strongly crepant categorical resolution of singularities 
is obviously a weakly crepant categorical resolution of singularities. However 
there exist weakly crepant categorical resolutions of singularities which are 
not strongly crepant, see example 7.4 of |Kuz08| . 

If X admits a 1-step wonderful resolution of singularities vr : X — )■ X, 
Kuznetsov relates the existence of a strongly crepant categorical resolution 
of singularities to the existence of a rectangular Lefschetz decomposition on 
the exceptional divisor of vr (see |Kuz08] . section 4). It would be interesting 
to see if his method can be pushed in our context and to find more examples 
of varieties admitting strongly crepant categorical resolution of singularities. 

Question 4.0.5 What are the determinantal varieties which can be proved 
to have strongly crepant categorical resolutions of singularities ? 

Kuznetsov answers positively to the question for Pfaffians Pf4 = F{{uj G 
/\^ W, rank(w) < 4} (see [KuzOS], section 8). Our theorem 12.3.21 combined 
with example 12.1.31 shows that all determinantal varieties admit categorical 
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weakly crepant resolutions of singularities. Moreover, we gave in example 
12. 1.61 a quite detailed description of a wonderful resolution for a generic polar 
to the tangent variety of G{3, 6). This leads to the following question: 

Question 4.0.6 Let ^ be a general polar to the tangent variety o/G(3, 6) C 
P^^. Does J!^ admit a strongly crepant categorical resolution of singularities? 

As we have seen in the introduction, a geometric crepant resolution of 
singularities of a variety is often considered to be minimal. The conjecture 
of Bondal and Orlov gives a precise meaning to that statement. But this 
conjecture seems to be highly non trivial. Nevertheless, there is a slightly 
different, certainly easier to check, point of view on minimality for a resolution 
of singularities. 

Definition 4.0.7 Let X be an algebraic variety with Gorenstein and rational 
singularities, let iii : Xi X be a resolution of singularities of X and let 
Si : D^(Xi) be a categorical resolutions of singularities of X . We 

say that ^ is weakly minimal if for any other resolution of singularities 
712 : X2 ^ X with a morphism ttu : Xi ^ X2 and a commutative diagram: 




D^{X) 

and any other categorical resolution 62'-'%'-^ D^(X2) with a commuta- 
tive diagram: 



D^{X) 



with IT 



^2^i2*'^i o,nd such that and ^2 o^re 



DP^^^(^X) -module categories, we have the implication: 

TT^^ ^^is fully faithful =^ = £^2- 
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Recall that given any triangulated category we say that it is connected 
if it does not split as a sum j!/ = =2/1 © where the =2^ are both non trivial 
and totally orthogonal to each other. 

Proposition 4.0.8 Let X he an algebraic variety with Gorenstein and ra- 
tional singularities, let tti : Xi ^ X be a resolution of X and let b\: S/'x'-^ 
D^(Xi) be a categorical resolution of singularities of X . If is strongly 
crepant and connected, then is weakly minimal. 

This is a categorical generalization of the following result (which follows 
from the ramification formulas). Let X be an algebraic variety with Goren- 
stein rational singularities. Let tti : X — )■ X be a crepant resolution of singu- 
larities of X and let : F — ?■ X be any other resolution of singularities of 
X. Assume that there is a morphism 7112 : X ^ Y which makes the following 
triangle commutative: 




then X = Y. 
Proof : 

► [of proposition 14.0.8] Let tt2 : X2 — ?■ X and 62 D^(X2) be another 
categorical resolution of singularities of X for which we have the commuta- 
tive diagrams of definition 14.0.71 Since vr^-^ ,5?,* is fully faithful and has a left 
adjoint, we have a semi-orthogonal decomposition: 



'^1 = {{'r^.n,s,*^2)^,7i^j,^^,*£r,). 

Since is connected, to prove that ^ = =5^, we only have to prove that 
the above decomposition is totally orthogonal. This means that we have to 
prove that for all a G 



and for all b G vr^^^^ J^: 



Hom(a, 71% .y- b) = 
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But 



— Hom(7r^^^^2^) 'S'^i(ct))^, by Serre duality, 

= Hom(5*7r*252^', 'S'^i(a))^,by definition ofTr^,,^^^, 

= Hom(7rJ'252^i ^i'S',5^i(fl))^) by adjunction, 

— Hom(7rJ'252&, vr*_ft'x[dimX] 5ia)^, because =^ is a strongly crepant resolution of X, 
= Hom(7ri252& ® ^12^2 dimX], Sia^ , 

— Hom(7ri252&','5ia)^,witli6' e because =^ is aDP''''^(X)-module category, 
= Hom(5^7r^2'52&', fl)^, by adjunction, 

= Hom(7r>^_y^6',a)^ 
= 0,asa e (7r>j,^2=^2)^. 
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